Abstract. We show that fermionic high-spin systems with spin-changing collisions allow to monitor superexchange processes in optical superlattices with large amplitudes and strong spin fluctuations. By investigating the non-equilibrium dynamics, we find a superexchange dominated regime at weak interactions. The underlying mechanism is driven by an emerging tunneling-energy gap in shallow few-well potentials. As a consequence, the interaction-energy gap that is expected to occur only for strong interactions in deep lattices is reestablished. By tuning the optical lattice depth, a crossover between two regimes with negligible particle number fluctuations is found: first, the common regime with vanishing spin-fluctuations in deep lattices and, second, a novel regime with strong spin fluctuations in shallow lattices. We discuss the possible experimental realization with ultracold 40 K atoms and observable quantities in double wells and two-dimensional plaquettes.
Introduction
Spin-exchange interactions are of fundamental importance for the magnetic properties of strongly correlated media [1] [2] [3] [4] . Of particular interest are superexchange interactions that are induced by higher-order tunneling processes via virtually occupied intermediate states [5, 6] . In contrast to direct exchange interactions, theses processes are of long-ranged nature, as they do not depend on a direct wave-function overlap of the electrons. In the context of hightemperature superconductivity they are in the focus of current investigations [7] . Recently, the direct time-resolved observation of superexchange processes has been demonstrated in experiments with ultracold atoms in deep double-well potentials [8] . These experiments exploit the interaction blockade inhibiting first-order tunneling processes. However, for the interaction blockade the spin fluctuations arising from superexchange are diminished due to the small amplitude. There is great current interest in accomplishing long-ranged anti-ferromagnetic ordering with ultracold fermions in optical lattices. However, the small energy associated with superexchange cannot compete with thermal fluctuations in present experiments with isotropic lattices [9] .
The realization of fermionic high-spin systems with ultracold atoms promises a deeper understanding of fundamental spin-spin interactions [10] [11] [12] [13] . These systems are of broad interest, since they offer the possibility to realize, e.g., a multitude of new quantum phases [14] [15] [16] [17] [18] [19] [20] , the simulation of SU(N) magnetism [10, [21] [22] [23] as well as spin changing collisions [24] [25] [26] [27] . Recent experimental advances demonstrate long-lived coherent spin dynamics of fermionic 40 K atoms in optical lattices with tunable effective spin and reliable initial-state preparation [13] . The interplay of spin-changing collisions and tunneling processes leads to new phenomena such as the instability of an initially band insulating state [13] . This allows for the detailed study of many-body non-equilibrium dynamics in a highly controllable environment.
Here, we investigate the non-equilibrium superexchange dynamics of fermionic highspin systems with spin-changing collisions in optical double-well and plaquette lattices. We find a regime dominated by superexchange with large amplitude and strong spin fluctuations in shallow potentials. Usually, the observation of superexchange with ultracold quantum gases requires deep lattices with a large interaction gap U that suppresses the first-order tunneling J. In the latter regime, the superexchange has small amplitudes J 2 /U and is therefore extremely sensitive to thermal fluctuations. In a high-spin system, spin-changing collisions lift the Pauli blocking of an initially prepared band-insulator state with m f = ±1/2. This causes the initial state to be unstable which in general allows strong particle-number fluctuations to arise [13] . Surprisingly, we find that the first-order tunneling is strongly suppressed in shallow few-well potentials. In this regime, an emerging tunneling-energy gap leads to an interaction blockade at large J/U . We show how this phenomenon can be used to investigate superexchange processes with large amplitude corresponding to short time scales. This opens new possibilities for the experimental study of superexchange in optical potentials previously restricted to deep lattices with small superexchange amplitude J 2 /U .
We present a comprehensive study of the exact time evolution of a band insulator in ( figure 1(c) ) and a corresponding change in onsite-interaction energy U . The spin-changing collisions represent a small perturbation of the standard Hubbard Hamiltonian H HM =Û +Ĵ. We assume an amplitude of V = 0.01 U , which is a realistic value for 40 K (see section 6).
In this work, we investigate the dynamics of the band insulating ground state
of the unperturbed HamiltonianĤ HM . The robust experimental preparation of this twocomponent band insulator as well as the control over the spin-changing collisionsV via a magnetic field has been demonstrated in reference [13] . In the following we discuss the dynamics of (3) in a double-well and a four-well plaquette potential. Both setups can be realized experimentally [8, [28] [29] [30] [31] and can be solved numerically exact. We show that the time evolution is governed by the superexchange model (1) even in the absence of a direct interaction blockade. This effect depends on the existence of the fluctuationless eigenstate (3) of the unperturbed Hamiltonian in shallow lattices. Note that there is no such eigenstate in bosonic systems where the realization of a pure superexchange model is only possible in deep lattices.
Double-well
By superimposing two optical lattices of a short wavelength λ short and a longer wavelength λ long = 2 λ short an array of double-well potentials can be realized [8, [28] [29] [30] . The preparation of the initial state (3) can be achieved by loading atoms with m f = ±1/2 into the optical lattice of the short wavelength before ramping up the second lattice to separate the individual double-wells. The time evolution can be determined by means of exact diagonalization of the microscopic Hamiltonian (2) . For a wide range of parameters J/U we investigate the dynamics and evaluate the time-dependent particle-number fluctuations (∆N ) 2 = n 2 i − n i 2 . In figure 2 (a) the time-averaged value of (∆N ) 2 is shown as a function of J/U (solid black line) and compared with the corresponding value of the ground state (dashed line). For deep lattices, fluctuations are exponentially suppressed for decreasing J/U due to an interaction blockade U . Surprisingly and in contrast to the ground state, we also find an exponential suppression of (∆N ) 2 in shallow lattices for increasing J/U . Therefore, the time evolution of the band insulator is governed by the superexchange Hamiltonian (1) for almost all lattice depths. This phenomenon allows the simulation of the superexchange Hamiltonian with ultracold atoms without an interaction blockade, i.e., with large amplitudes J 2 /U .
In the case of vanishing tunneling J U , i.e., in a very deep lattice, both sites undergo in-phase Rabi oscillations induced by the spin-changing collisions ( figure 3(a) ). The state remains fluctuationless due to a large interaction blockade U . After an evolution time of t = h/4V , the state will eventually be the band-insulator|BI = |− . In both states, |BI and |BI , no tunneling is possible due to the Pauli principle. For all other times, however, the state is in a superposition of |− on both wells. For a finite amplitude J = 0 first-order tunneling is in principle possible (Figure 1(c)) . Surprisingly, the numerical results show very low occurrence of particle-number fluctuations (∆N ) 2 even and especially for large values of J/U . Thus, the dynamics of (3) is described by the superexchange operator (1) . Figure 3 shows the time evolution for various parameters J/U calculated with the full Hamiltonian (2) oscillations with full amplitude are reestablished (figure 3(c)). Superexchange processes take place on a short time-scale, leading to the population of onsite states with finite magnetization
(black lines in figure 3(b,c) ). This directly corresponds to a nonzero value of spin fluctuations (∆M )
, whereas particle-number fluctuations (∆N ) 2 are negligible. In contrast, in deep lattices spin fluctuations remain small. The timeaveraged value of the spin fluctuations in the evolution of (3) is shown as a blue line in figure 2(a). We can identify two distinct regimes: one with almost no spin fluctuations ∆M 1 for small J/U and one with large spin fluctuations ∆M ≈ 1 for large J/U .
Plaquette
The crossover between the two distinct regimes discussed above is not a unique feature of the double-well but occurs also in other few-well systems. In the following we identify the underlying mechanism of the fluctuationless time-evolution in shallow potentials for the particular case of a four-well plaquette. This mechanism is, however, general for all few-well systems that show the discussed behavior.
A four-well plaquette is the natural extension of a double-well potential in two dimensions. It is equivalent to a one-dimensional four-well lattice with periodic boundary conditions and has been recently realized experimentally [31] . Despite the increased complexity compared with the double-well, the Hamiltonian (2) can still be diagonalized for a four-well lattice allowing to investigate the time-evolution of the initially prepared bandinsulator exactly. The Hamiltonian has a number of symmetries that can be exploited to reduce the numerical effort. These symmetries are the spatial translation, spin-flip, quadrupole and particle-hole symmetry. Furthermore, the initial state (3) also obeys several symmetries and we can restrict the basis to the corresponding subspace.
We investigate a wide range of parameters and find the two regimes with (∆N )
known from the double-well. The spin fluctuations (∆M ) 2 that arise from the initial state (3) and the ground state properties of the system (figure 2(b)) are very similar to the double-well In deep potentials J U , the onsite interaction U is the dominating energy scale of the Hamiltonian and the eigenstates separate in groups of Fock states with integer U -excitations that are perturbed byĴ andV . The spectrum is shown in Figure 4(b) , where each marker corresponds to an eigenstate |φ i with an energy E i and particle-number fluctuations (∆N )
2 .
The latter directly correspond to the interaction energy Û
Red markers have finite overlap with the initial state, which is clearly confined to the group of eigenstates without fluctuations. Here, the interaction blockade ∆U causes the dynamics to be determined by the superexchange Hamiltonian (1), which is used in conventional realizations with ultracold atoms [8] . The time-evolution of the initial state (3) is shown in Figure 4(a) , where the solid lines correspond to the full model (2) and the dotted lines to the superexchange model (1) . Note that due to the very small amplitude of the superexchange J 2 /U spin fluctuations (∆M ) 2 are suppressed and merely cause a slow dephasing of the onsite Rabi oscillations.
In very shallow potentials, the tunneling operatorĴ is the dominating energy scale of the Hamiltonian (2). The spectrum for J/U = 1.5 is shown in figure 4(f) . In a finite lattice, the spectrum is gaped due to the discrete energies of the Bloch functions. In the case of four lattice sites and taking into account the conservation of momentum, the gap is ∆J = 4J. When this is large compared with U and V , the spectrum separates in groups with Ĵ = z ∆J where z is an integer number. The initial state (3) obeysĴ |BI = 0 andÛ |BI = 4U |BI and consequently lies in the group with Ĵ = 0. For V = 0, in this group the eigenenergies are given by the interaction energy E i = Û i , similar to the regime of the interaction blockade, as indicated by the dashed lines in the spectra. Since the spin-changing collisions present only a small perturbation V U , the band isolator state (3) is only perturbed by states with E i ≈ 4U . For these states, the particle-number fluctuations (4) are small and the band isolator state can only develop small particle-number fluctuations. Interestingly, a subordinate energy gap ∆U ≈ U arises between fluctuationless states with E i ≈ 4U (including |BI ) and states with particle-number fluctuations and an energy E i > 4U + ∆U . Due to the tunnelingenergy gap, the interaction blockade is reestablished in sufficiently shallow potentials, where now V is the competing energy scale instead of J. The gap ∆U amplifies the suppression of particle-number fluctuations for the initial state, but is not a necessary requirement for (∆N ) In the parameter regime 0.2 < J/U < 1.5, neither an interaction blockade ∆U nor a tunneling-energy blockade ∆J inhibits particle-number fluctuations (see figure 4(d) ). The eigenenergies are not determined by the interaction energy only and thus do not directly correspond to the particle-number fluctuations. However, few eigenstates have finite overlap with the initial state (3) and thus, only at specific parameters J/U fluctuations arise. At these resonances, the time evolution of the full model and the superexchange model differ significantly, as can be seen in figure 4(c) . The superexchange model (dotted line) predicts the same behavior as for very shallow potentials, whereas the correct calculations are strongly affected by the occurrence of triply occupied sites, which is plotted as a dashed blue line.
Measuring particle-number fluctuations
An experimental proof of superexchange processes and the absence of first-order tunneling is the demonstration of strong spin fluctuations and vanishing particle-number fluctuations. The former can be accessed in an experiment with 40 K via the population of new spin components, as discussed in section 6. The latter can be measured in an optical double-well setup with the technique illustrated in figure 5(a) . First, the lattice with the short wavelength λ short is ramped up to freeze the populations. Afterwards, the relative phase between the two lattice beams is tuned to introduce a bias ∆ between the wells. That way the third vibrational mode of the deeper well can be brought into resonance with the first one of the shallower well. The required bias ∆ =
R n R between the left (L) and the right (R) well depends on the single-particle energies (i) of the vibrational modes i and the particle-number distribution n L |n R that introduces interaction energy shifts. When a tunneling process occurs, the interaction energy on the left well is reduced by (n L − 1)U L , while it is increased on the right well by U
R n R , where U (20) is given by the wave-function overlap of the lowest mode with the third one. This technique has already been successfully demonstrated in reference [32] . For every given particle-number distribution we plot the resonance of a transfer to the third band as a function of the applied bias ∆ in figure 5(b) . The blue line corresponds to the case of three particles in the left and one in the right well. We assume a width of
U L for the resonances, which is larger than in Ref. [32] . Figure 5 (b) shows that it is clearly possible to tune the bias to a value such that particles will be transferred to the third band only if there are exactly three particles on the shallower site. The population of the third mode can be measured by means of the band-mapping technique afterwards.
Spin-dependent interaction energies
As a concrete example, we now consider 40 K prepared in the f = 9/2 manifold as a possible species for an experimental realization of high-amplitude superexchange. As the initial state we suggest a mixture of m f = 9/2 and m f = 3/2, which allows for rich spin-dynamics and is the most similar to a band insulator in a f = 3/2 system. Without tunneling, i.e., in very deep lattices, Rabi-oscillations between | occur in phase on every lattice site in analogy to the f = 3/2 system. When tunneling is allowed, however, more complicated dynamics arise. Consecutive to tunneling processes, new spin-components can be populated by other spin-changing collisions, e.g. | . States with m f < −1/2 are only occupied by third-order processes and we neglect them in our simulations as their influence on the qualitative behavior is assumed to be small. This reduces the system effectively to 6 spin components. The spin fluctuations (∆M ) 2 are no directly measurable quantity, however the population of the new spin components is proof for the occurrence of tunneling or superexchange processes.
Another difference compared with the spin-3/2 system is that the interaction energies U and V are no longer spin-independent but slightly differ from each other [13] . The generalization of the microscopic Hamiltonian (2) to 6 spin components is straight forward, when the spin-dependent interaction energies are known. For our simulations we use parameters from [13] . As a characteristic quantity for the potential depth we use the ratio J/Ū , where the interaction energyŪ corresponds to a spin-preserving collision in the initial state. The energyV of the spin-changing collision | is significantly smaller withV /Ū ≈ 0.007. The quadratic Zeeman-energy must be used to tune the spin-changing collisions into resonance, because the initial and final state of a spin-changing collision have different interaction energies. Of course, this cannot be done for all spin states at the same time and the exact time-behavior depends on the applied magnetic field. Our simulations are performed with B = 169 mG, but any other value near the resonance is suitable.
In figure 6 (a,b) the time-behavior of the m f -components is plotted for the doublewell and the plaquette. They differ from the behavior of a f = 3/2 system with spinindependent interaction energies in several ways. In the case of spin-dependent interactions the superexchange operatorĴ ex can be approximated by the matrix elements
between an initial state |i and a final state |f with exactly two particles per lattice site, respectively. The sum is over all possible intermediate states |k and Û i = i|Û |i . For flat lattices, the time-evolution can be described by this operator as can be seen by comparing the dotted lines with the solid lines in figure 6(a,b) . The new spin-components m f = 1/2 and m f = −1/2 occur after a few milliseconds, which corresponds to an increase in spin fluctuations (∆M )
2 . In the plaquette the coherent Rabi-oscillations are damped out rapidly in strong contrast to the spin-3/2 system, where they last for arbitrarily long times. The reason for this is the larger number of different frequencies due to the spin-dependency of the interaction strengths. Concerning the appearance of particle-number fluctuations (∆N ) 2 , however, the qualitative behavior is identical to the spin-3/2 system, as shown in figure 6 (c). The population of the components m f = − as opposed to a pure spin-3/2 system. Only for certain values of J/U resonances with triply occupied sites occur, while for a wide regime of parameters, the state remains fluctuationless. Due to the additional components, spin fluctuations increase to ∆M ≈ 1 even in deep lattices for very long evolution times. The particle-number fluctuations, as discussed in section 5, as well as the population of the new spin-components are quantities that are accessible experimentally. In combination they are direct evidence for superexchange processes in the absence of direct tunneling. In conclusion, 40 K is a suitable atomic species for the proposed experiments to simulate superexchange Hamiltonians in shallow lattices.
Conclusions
We have found a mechanism for fermionic high-spin systems that allows for the investigation of superexchange processes in shallow lattices, i.e., at large amplitudes J 2 /U . This regime corresponds to much faster time scales than in deep lattices and was not accessible yet. The non-equilibrium dynamics of an initially band-insulating state with two components has been calculated, and found to be fully dominated by the superexchange. Although, in general, spin-changing collisions circumvent Pauli blocking and therefore allow for strong particlenumber fluctuations in shallow lattices, we have shown that the first-order tunneling is strongly suppressed in few-well potentials while strong spin fluctuations arise via superexchange processes. The underlying mechanism is driven by an emerging tunneling-energy gap that reestablishes an interaction gap, which is usually only expected in deep lattices. Furthermore, we have investigated the crossover of superexchange regimes with weak and strong spin fluctuations in deep and shallow lattices, respectively. We have discussed the experimentally relevant case of optical double-well and plaquette potentials. We have simulated the time evolution for a pure spin-3/2 system as well as for realistic parameters of 40 K and have shown that in both cases it is governed by the superexchange Hamiltonian. The latter allows for a measurement of spin fluctuations via the population of certain spin components. The double-well potential and the four-well plaquette are both suited for an experimental realization. Even larger lattices of up to six sites in one spatial direction show the existence of a sufficiently large tunneling-energy gap ∆J ≈ J and a subordinate interaction-energy blockade. The necessary experimental tools, i.e., the optical potentials for a double-well in one and two dimensions [8, [28] [29] [30] [31] as well as the preparation of the initial band insulator with 40 K atoms have both been demonstrated successfully [13] .
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